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The Seven Lectures
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2. Difference-
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affects everyone
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What breaks under

staggered timing

5. Modern DID
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6. Synthetic

control &

factor models

Imputing treated

counterfactuals

7. Design-

based DID

Treatment timing

as a design (CIP)
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Where We Are

• Lecture 2 covered the canonical DID design: a treated group, an untreated comparison group, and parallel

trends

• But many events leave no one untreated: a famine, a financial crisis, a pandemic, a nationwide reform

• Applied work still runs “DID” in these settings, comparing units that differ in a pre-event characteristic

• This lecture: what does that comparison identify, and under which assumptions? (Xu, Zhao, and Ding

2026, JASA)

• Lecture 4 then returns to TWFE regressions and what breaks under staggered timing
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Motivation: How Social Capital Saved Lives

• Cao, Xu, and Zhang (2022): “How social capital

saved lives during China’s Great Famine”

• Data structure:
• A baseline factor G : time-invariant measure of

social capital

• Event time: {Pre-Famine, Famine, Post-Famine}

• Estimation: difference-in-differences (DID), or

equivalently, two-way fixed effects (TWFE)

• Interpretation:
• Descriptively: “the rise in the mortality rate during

the famine years is significantly smaller in counties

with higher social capital”

• Causally: “we interpret these differences as the

effects of social capital on famine relief”
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Estimates from TWFE with a dynamic specification.
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More Examples

Discrimination × WWI

Source: Fouka (2019).
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More Examples

Elite strongholds × state-building reform Catholicism × Industrial Revolution Traditional leaders × rise of Zuma

• In each study: a baseline factor G interacted with an event Z that hits every unit

Source: Chen, Wang, and Zhang (2024); Squicciarini (2020); de Kadt and Larreguy (2018).
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Same DID Estimator, a Different Research Design

Same DID estimator, a different research design:

“Factorial Difference-in-Differences”

• Factorial
• A classic topic in statistics

• Factorial experiments pioneered by R. A. Fisher

and Frank Yates

• ≥ 2 treatment factors: their main effects and

interaction are of interest

• Difference-in-differences
• Popular in economics and related fields

• A “research design” for causal inference with

observational data

• Leverages panel data (units × time) to identify

causal effects, usually the ATT
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This Lecture

• Factorial DID is a different research design from a

canonical DID

• Under no anticipation & parallel trends, the DID

estimator identifies treatment effect heterogeneity of

exposure to the event (with nuances)

• Identifying G ’s causal effect requires stronger

assumptions

• Factorial DID includes canonical DID as a special case

with an additional assumption

• Extensions & practical recommendations
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Setup

Two groups, two periods; no covariates

• Study population: i = 1, 2, · · · , n

• Timing of the event is fixed

• Time periods: t = pre, post

• Baseline factor: Gi ∈ {0, 1}

• Data: {Gi ,Yi,pre,Yi,post : i = 1, 2, · · · , n}

• Universal exposure to the event in the post period:

Zi = 1, i = 1, 2, · · · , n

ï, n

=
0,1}

, n}
Post-EventPre-Event

Gi = 1

Gi = 0

 Canonical DID 

Post-EventPre-Event

Gi = 1

Gi = 0

Factorial DID 

Zi = 1

Zi = 1

Zi = 1

Zi = 0

= 1 ï, n
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The Difference-in-Differences Estimator

Pre-Event Post-Event

Gi = 1
1

n1

∑
i :Gi=1

Yi,pre
1

n1

∑
i :Gi=1

Yi,post

Gi = 0
1

n0

∑
i :Gi=0

Yi,pre
1

n0

∑
i :Gi=0

Yi,post

Define

• τ̂DID =
1

n1

∑
i :Gi=1

(Yi,post − Yi,pre)−
1

n0

∑
i :Gi=0

(Yi,post − Yi,pre)

• Focus on: plim τ̂DID = τDID = E[∆Yi | Gi = 1]− E[∆Yi | Gi = 0]

Panel Methods (3): Factorial Difference-in-Differences 11



Potential Outcomes

• Frame factorial DID as a factorial design with two

factors: g and z

• Potential outcomes indexed by both: Yi,t(g , z)

• Observed outcomes:

Yi,t =
∑

g,z∈{0,1}

1{Gi = g ,Zi = z}·Yi,t(g , z) = Yi,t(Gi ,Zi )

• Recall: in observed data, Zi = 1 for all units ⇒ half

of the potential outcomes are never observed

Pre-Event Post-Event

Unit i

g = 1

g = 0

z = 1

z = 0

z = 1

z = 0

Yi,pre(1, 1)

Yi,pre(1, 0)

Yi,pre(0, 1)

Yi,pre(0, 0)

Yi,post(1, 1)

Yi,post(1, 0)

Yi,post(0, 1)

Yi,post(0, 0)

Red: potential outcomes never observed under universal exposure.
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Causal Quantities: Individual Level

• Individual conditional effect of the event at

factor level g :

τi,Z |G=g = Yi,post(g , 1)− Yi,post(g , 0)

• Individual interaction effect:

τi,cm = Yi,post(1, 1)− Yi,post(1, 0)

− Yi,post(0, 1) + Yi,post(0, 0)

= τi,Z |G=1 − τi,Z |G=0

the causal moderation of G on Z

Pre-Event Post-Event

Unit i

g = 1

g = 0

z = 1

z = 0

z = 1

z = 0

Yi,pre(1, 1)

Yi,pre(1, 0)

Yi,pre(0, 1)

Yi,pre(0, 0)

Yi,post(1, 1)

Yi,post(1, 0)

Yi,post(0, 1)

Yi,post(0, 0)

τi,Z|G=1

τi,Z|G=0

τi,cm
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Causal Quantities: Averages

• Average causal interaction (VanderWeele 2009; Bansak 2021):

τcm = E[Yi,post(1, 1)− Yi,post(1, 0)− Yi,post(0, 1) + Yi,post(0, 0)] = E[τi,Z |G=1]− E[τi,Z |G=0]

“Social capital reduced the mortality increase caused by the famine.”

• Effect modification — associative:

τem = E[τi,Z |G=1 | Gi = 1]− E[τi,Z |G=0 | Gi = 0]

“Places with higher social capital experienced a smaller mortality increase caused by the famine.”

• The verbs differ because the estimands differ: τcm is causal, τem compares different units
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Identification: A Roadmap

τDID τem τcm

τatt τG |Z=1

A statistical estimand

consistently estimated by τ̂DID

An associative estimand

describing effect heterogeneity

A causal estimand

targeting causal moderation

A causal estimand targeting

the effect of Z for G = 1
A causal estimand targeting

the effect of G when Z = 1

No anticipation &

parallel trends
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Identification under Canonical DID Assumptions

No Anticipation

Yi,pre(g , 0) = Yi,pre(g , 1) for all i and g = 0, 1

Parallel Trends

E[∆Yi (1, 0) | Gi = 1] = E[∆Yi (0, 0) | Gi = 0]

Proposition

Under no anticipation and parallel trends,

τDID = τem = E[τi,Z |G=1 | Gi = 1]−E[τi,Z |G=0 | Gi = 0]

Two different conditional effects, across two different

groups

Y

Pre

Time

'[Yi,post(1,1) ∣ Gi = 1]

'[Yi,pre(1,0) ∣ Gi = 1]

'[Yi,pre(0,0) ∣ Gi = 0]
'[Yi,post(0,0) ∣ Gi = 0]

'[Yi,post(0,1) ∣ Gi = 0]

'[Yi,post(1,0) ∣ Gi = 1]

Gi = 1

Gi = 0

ÇDID}

Post

Δ

Δ

= 0]

= 0]

( ,1) i 0,1
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Why τDID May Not Identify Causal Moderation under Parallel Trends

}
�

�

   ÇDID = Çem

Y

Pre Post

Gi = 0, Ui = 1/4
Time

Gi = 1, Ui = 3/4

• Imagine an unobservable U that determines how

units respond to the event

• U may be correlated with G : here, high-U units

(Ui = 3/4) are concentrated in G = 1

• Then τDID = τem mixes the moderation of G with

compositional differences in U

• Therefore τDID cannot be interpreted as the causal

moderation of G
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Identifying Causal Moderation

• Under no anticipation and parallel trends:

τDID = τem = E[Yi,post(1, 1)− Yi,post(1, 0) | Gi = 1]− E[Yi,post(0, 1)− Yi,post(0, 0) | Gi = 0]

• When does τem equal τcm, which drops the conditioning on Gi?

Factorial Parallel Trends (sufficient condition)

∆Yi (g , z)⊥⊥Gi (orthogonality between G and first-differenced potential outcomes)

• Weaker than (quasi-)random assignment of G : Yi,t(g , z)⊥⊥Gi

• Under no anticipation, parallel trends, and ∆Yi (g , z)⊥⊥Gi : τDID = τem = τcm
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Reconciling Canonical and Factorial DID

=

Factorial DID  Canonical DID  →
Y

Pre Post

Gi = 0

Gi = 1 }    ÇDID

Exclusion Restriction on Z for Group Gi = 0

E[Yi,post(0, 1) | Gi = 0] = E[Yi,post(0, 0) | Gi = 0]

the event does not move the outcome of G = 0 units

Proposition

Under no anticipation, parallel trends, and the exclusion

restriction,

τDID = τatt = E[Yi,post(1, 1)− Yi,post(1, 0) | Gi = 1]

• This is exactly the canonical DID of Lecture 2:

“untreated” units are units for which the event is

assumed not to matter
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Identifying G ’s Conditional Effect

• One more question the interaction might answer: the effect of G itself during the event

Exclusion Restriction on G Absent the Event

E[Yi,post(1, 0)] = E[Yi,post(0, 0)]

without the event, the baseline factor would not move the outcome

• Under no anticipation, parallel trends, factorial parallel trends, and this exclusion restriction:

τDID = τcm = E[Yi,post(1, 1)− Yi,post(0, 1)] = τG |Z=1

• In the famine example: the average causal effect of social capital on mortality during the famine years
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Summary of Identification Results

τDID τem τcm

τatt τG |Z=1

A statistical estimand

consistently estimated by τ̂DID

An associative estimand

describing effect heterogeneity

A causal estimand

targeting causal moderation

A causal estimand targeting

the effect of Z for G = 1
A causal estimand targeting

the effect of G when Z = 1

No anticipation &

parallel trends

∆Y (g , z)⊥⊥G

(factorial parallel trends)

Exclusion restriction

on Z for G = 0

Exclusion restriction

on G absent the event
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Canonical vs Factorial DID: Two Research Designs

Canonical DID (reframed)

Define the canonical DID research design as the combination of:

• 2× 2 data structure & universal exposure

• Identification: under no anticipation & parallel trends & exclusion restriction on Z , τ̂DID identifies τatt

Factorial DID

Define the factorial DID research design as the combination of:

• 2× 2 data structure & universal exposure

• Identification:

1 Under no anticipation & parallel trends, τ̂DID identifies τem

2 Adding ∆Yi (g , z)⊥⊥Gi , τ̂DID identifies τcm

3 Adding also the exclusion restriction on G , τ̂DID identifies τG |Z=1
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Conditioning on Covariates in Practice

• Researchers often run the following TWFE regression:

Yit = αi + ξt + τ Gi · Postt + βTXi · Postt + ϵit

Cao, Xu & Zhang (2022)

Panel Methods (3): Factorial Difference-in-Differences 25



Extension to Conditionally Valid Assumptions

• Believe ∆Yi (g , z)⊥⊥Gi | Xi is more plausible than ∆Yi (g , z)⊥⊥Gi

• Simple improvements to the TWFE regression: (a) demean Xi ; (b) add interaction terms

Yit = αi + ξt + τ Gi · Postt + βTXi · Postt + γTGi · Xi · Postt + ϵit

• τ̂ identifies E[τem(x)], or τcm under linearity

• Requires overlap: 0 < P(Gi = 1 | Xi = x) < 1

• Can leverage more flexible models of ∆Yi on Xi for subgroups Gi = 1, 0:
• Transform data into wide form; replace Yi with ∆Yi

• Apply estimators developed for selection-on-observables designs

(stratification, matching, balancing, IPW, AIPW, outcome modeling, double machine learning, . . . )
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Extension to Multiple Pre- and Post-Periods

§§ G

E[Yi,−2 | Gi = 1]

• Lesson 1: pretrend tests can help assess parallel trends, but not ∆Y (g , z)⊥⊥G

• Lesson 2: using post-periods as non-event periods requires an additional “no carryover effect” assumption
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Example: Clans and Calamity

• Event: the Great Famine (1958–1961)

• G : social capital, proxied by genealogy
books
• No genealogies: 412 counties

• Have pre-PRC genealogies: 509 counties

• Outcome: county mortality rate

es) 

Source: Cao, Xu, and Zhang (2022); replication data in the fdid R package.
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Raw Data: Group Means
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Conditional on Covariates

• Pre-event covariates:
• Log population size

• Per capita grain production

• Ratio of non-farming land

• Urbanization ratio

• Distance from Beijing

• Distance from the provincial capital

• Share of ethnic minorities

• Rice suitability

• Average years of education
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• Estimates are stable across estimators, from TWFE to AIPW
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Dynamic Estimates: DID
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Dynamic Estimates: TWFE with Covariates

TWFE+: covariates × Post
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TWFE∗: additional interaction terms
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Dynamic Estimates: AIPW

1954 1956 1958 1960 1962 1964 1966

−
10

−
5

0
5

Year

E
st

im
at

ed
 C

oe
ffi

ci
en

t (
w

/ 9
5%

 C
I)

• No visible pretrend; the mortality gap opens exactly in the famine years
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Multi-valued G

#Genealogies per 10,000 people (sqrt scale)
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• G = 0: 412 counties (no

genealogies)

• G = 1: 254 counties (some

genealogies)

• G = 2: 255 counties (many

genealogies)
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Multi-valued G : AIPW Estimates

Group 0 vs Group 1
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Famine

Group 0 vs Group 2
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• The mortality gap concentrates where social capital is strongest
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How to Correctly Interpret Your Findings?

Estimand Interpretation in the running example Key identifying assumptions

τem, effect modification How did the average effect of exposure to famine

on mortality differ between counties with high and

low social capital?

No anticipation; parallel trends

τatt, effect of exposure

for G = 1

What was the average effect of exposure to famine

on mortality in counties with high social capital?

+ exclusion restriction on Z in group

G = 0

τcm, causal moderation To what extent did high (vs. low) social capital

mitigate the impact of famine on mortality?

No anticipation; parallel trends;

∆Y (g , z)⊥⊥G | X

τG |Z=1, G ’s conditional

effect

What was the average causal effect of social capital

on mortality during the famine years?

+ exclusion restriction on G absent

the event
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FDID in R: The Famine Application

library(fdid)

mortality$any_gen <- as.integer(

mortality$pczupu > 0) # 412 vs 509 counties

s <- fdid_prepare(

data = mortality ,

Y_label = "mortality",

G_label = "any_gen",

unit_label = "countyid",

time_label = "year")

fit <- fdid(s, tr_period = 1958:1961 ,

ref_period = 1957,

method = "ols1")

Observed interaction

The famine × social-capital coefficient is an

effect-modification contrast.

Moderation interpretation

Causal moderation requires factorial parallel

trends.
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Practical Recommendations

• What is your estimand?! (Lundberg, Johnson, and Stewart 2021)

• Assess no anticipation and parallel trends (e.g., by checking pretrends)

• If the goal is causal moderation, justify ∆Y (g , z)⊥⊥G | X and show robustness of findings (e.g., by

conducting sensitivity analysis)

• If using TWFE models, demean covariates and add interaction terms Gi · Xi · Postt ; check overlap

• Should not automatically assume no carryover effects

Panel Methods (3): Factorial Difference-in-Differences 40



Summary

• When an event hits every unit, there is no untreated group; FDID compares before-after changes across

levels of a baseline factor

• The arithmetic is canonical DID; the estimand is not: under no anticipation and parallel trends, τDID is

effect modification — an associative quantity

• Factorial parallel trends (∆Y (g , z)⊥⊥G) upgrades it to causal moderation; an exclusion restriction on G

upgrades it to G ’s conditional effect; an exclusion restriction on Z recovers canonical DID

• The broader lesson for this workshop: estimators are not research designs — the same arithmetic answers

different questions under different assumptions

• Lecture 4: back to TWFE regressions, and what breaks under staggered timing
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Software

• fdid (R): factorial DID with the famine application data

• panelView (R & Stata): treatment status and outcome visualization

• Tutorials: https://yiqingxu.org/tutorials/panel.html
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