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This Lecture

• What can we do when the parallel trends assumption is violated?

• Solution 1: conditional on pre-treatment covariates → semi-parametric DID

• Solution 2: conditional on pre-treatment covariates & outcomes → synthetic control method

• This lecture

• The synthetic control method

• The latent factor approach

• Doubly robust methods
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Synthetic Control Grew Out of Applications
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Source: Abadie, Diamond, and Hainmueller (2010); Xu (2017); Sanford (2019).
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The Literature in One Map

Family What changes Representative work

Classic SCM Convex donor weights Abadie, Diamond, Hainmueller

Outcome models Learn low rank structure Xu; Athey et al.

Augmentation Correct imperfect pre-fit Ben-Michael, Feller, Rothstein

Synthetic DID Weight units and time Arkhangelsky et al.

Common estimand

Use outcomes from untreated units to estimate Y1t(0) after treatment.

Source: Arkhangelsky and Imbens (2024), survey of causal models for longitudinal and panel data.
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The Synthetic Control Method (SCM)



SCM: Basic Idea

• J + 1 units in periods 1, 2, . . . ,T ; one treated “1”, J controls

• Region “1” is exposed to the intervention after period T0

• We aim to estimate the effect of the intervention on Region “1”
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Time

w∗

choose w∗ to close this gap before T0

■ treated, observed ■ synthetic control ■ donor pool
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SCM: Insights

• Athey and Imbens (2017): “[a]rguably the most important innovation in the policy evaluation literature in

the last 15 years.”

• A combo of many innovations

• Take advantage of pre-treatment outcomes

• Use cross-sectional instead of temporal correlations in data

• Construct a convex combination of donors to construct a counterfactual

• Reserve some pre-treatment periods for testing
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DID vs. Synthetic Control
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DAG Compatible with Additive Fixed Effects

• Two unobservables drive both Dt and Yt : a fixed unit trait α and period shocks ft (here, the time fixed

effects)

• α shifts a unit by the same amount in every period; ft shifts every unit by the same amount → parallel

trends; two-way demeaning removes both

• No arrow from past outcomes to later treatment: treatment is set in advance (strict exogeneity)

Source: Xu (2023), Figure 2. Gray: unobserved; dashed arrows: links involving unobservables.
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What Synthetic Control Adds: The Same DAG, Augmented by Factors

• Now the unobservable is Ut = λ′ft : the same fixed trait λ, but its effect moves with common factors ft

• Units with different λ respond differently to the same shocks → trends need not be parallel; DID fails here

• λ is fixed and ft is shared, so pre-treatment outcomes reveal them: match on them (synthetic control) or

estimate them (factor models); TWFE is the special case Ut = α+ ft

• Still no feedback from past outcomes to treatment: the same regime as DID; only how Ut enters differs

Source: Xu (2023), Figure 7.
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Theoretical Justification

Yit = τitDit + θ′tZi + ξt + λ′
i ft + εit

or {
Yit(0) = θ′tZi + ξt + λ′

i ft + εit

Yit(1) = Yit(0) + τit

• Suppose there are R time-varying signals ft out there

• Each unit (e.g. country, participant) picks up a fixed linear combination of these signals based on factor

loadings λi

• Since these “confounders” are evidenced in the pre-treatment outcomes for both treated and controls, we

can try to use this information to “balance on” these confounders

• We will discuss the model-based approach later
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Theoretical Justification

{
Yit(0) = θ′tZi + ξt + λ′

i ft + εit

Yit(1) = Yit(0) + τit

• Let W = (w2, . . . ,wJ+1)
′ with wj ≥ 0 and w2 + · · ·+ wJ+1 = 1.

• Let Ȳ K1
i , . . . , Ȳ KM

i be M > R linear functions of pre-intervention outcomes

• Suppose that we can choose W ∗ such that:

Z1 =
∑J+1

j=2 w∗
j Zj , Ȳ k

1 =
∑J+1

j=2 w∗
j Ȳ

k
j , k ∈ {K1, . . . ,KM}

• When T0 is large, an approximately unbiased estimator of τ1t is:

τ̂1t = Y1t −
∑J+1

j=2 w∗
j Yjt , t ∈ {T0 + 1, . . . ,T}
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Implementation

• Let X1 = (Z1, Ȳ
K1
1 , . . . , Ȳ KM

1 )′ be a (k × 1) vector of pre-intervention characteristics for the treated and

X0, a (k × J) matrix, for the controls.

• The vector W ∗ is chosen to minimize ∥X1 − X0W ∥, subject to our weight constraints.

• We consider ∥X1 − X0W ∥V =
√

(X1 − X0W )′V (X1 − X0W ), where V is some (k × k) symmetric and positive

semidefinite matrix.

• Various ways to choose V (subjective assessment of predictive power of X , regression, minimize MSPE,

cross-validation, etc.).
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Example: Proposition 99 on Cigarette Consumption

• In 1988, California first passed comprehensive tobacco control legislation (cigarette tax, media campaign

etc.)

• Using 38 states that had never passed such programs as controls
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Example: Proposition 99 on Cigarette Consumption

• In 1988, California first passed comprehensive tobacco control legislation (cigarette tax, media campaign
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Proposition 99: Gap, Placebos, and Inference
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An Applied SCM Workflow

1. Fit

Can donors reproduce

the treated unit before

treatment?

2. Gap

How does the

treated-synthetic

difference evolve after

treatment?

3. Placebo

Would the method find

similar gaps for

untreated units?

4. Stress test

Do results survive donor

and specification

choices?

For every application, show pre-treatment fit, the post-treatment gap, and the placebo distribution.

Source: Cunningham, Causal Inference: The Mixtape, synthetic control chapter.
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Limitations

• Algorithmic
• Deal with one treated unit at a time
• Deal with one outcome at a time
• Slow to implement and sometimes difficult to find a solution
• Allow too much user discretion, e.g. cherry-picking Ȳ k

i results in over-rejection (Ferman et al. 2020)

• Inference
• Permutation inference and sensitivity analysis (e.g. Hahn and Shi 2017; Firpo and Possebom 2018;

Chernozhukov et al. 2021)
• Inflated precision with nonstationary data (Cattaneo et al. 2021)

• Identification
• My opinion: intrinsically, a method based on strict exogeneity (fixed timing)
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The Latent Factor Approach



Link with Synthetic Control

• Recall that ADH (2010) use a factor-augmented model to motivate the synthetic control method:

Yit(0) = θ′tZi + ξt + λ′
i ft + εit

• What if we actually estimate the model using observations under the control condition only?

• Xu (2017) imports the so-called interactive fixed effects (IFE) model into a DID setting

Yit(0) = X ′
itβ + αi + ξt + λ′

i ft + εit

• Athey et al. (2021) extend it and introduce the matrix completion method

• Liu, Wang, and Xu (2024) put these methods in a general framework — “the counterfactual estimators”

• No negative weighting!

• Limitations: needs large T and N; model dependency
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Basic Idea

• In a panel setting, treat the treated observations’ Y (0) as missing data

• Predict Y (0) based on an outcome model

(Use pre-treatment data for model selection)

• Estimate ATT by averaging differences between Y (1) and Ŷ (0)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

Time

U
ni

t

Under Control Under Treatment

Treatment Status
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Model-based Counterfactual Estimators

A model-based counterfactual estimator proceeds in the following steps:

• Step 1. Train the model using observations under the control condition (Dit = 0).

• Step 2. Predict the counterfactual outcome Ŷit(0) for each observation under the treatment condition

(Dit = 1) and obtain an estimate of the individual treatment effect: τ̂it = Yit − Ŷit(0).

• Step 3. Generate estimates for the causal quantities of interest

ATT = E[τit |Dit = 1, ∀i ∈ T , ∀t], or

ATTs = E[τit |Di,t−s = 0,Di,t−s+1 = Di,t−s+2 = · · · = Dit = 1︸ ︷︷ ︸
s periods

,∀i ∈ T ].

Indexing: s counts periods under treatment, so s = 1 is the first treated period and s = 0 the last untreated one (the fect

convention). Lecture 4’s event-study specification indexed the same two periods as s = 0 and s = −1.
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Relative Time: Re-Indexing the Panel
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• Each treated observation is re-indexed by its distance to the adoption date, with s = 1 the first treated

period and s = 0 the last untreated one; ÂTT s averages within a diagonal

Panel Methods (6): Synthetic Control and Extensions 21



Reading a Dynamic Treatment Effects Plot
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The Warning Sign: A Pre-Trend
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• Pre-treatment averages drift away from zero: the comparison units were already on a different path, and

the post-treatment estimates inherit that drift
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Review of Three Estimators

We review three estimation strategies:

• FEct:

Ŷit(0) = Xit β̂ + α̂i + ξ̂t

• IFEct (Gobillon and Magnac 2016; Xu 2017):

Ŷit(0) = Xit β̂ + λ̂′
i f̂t

• Matrix Completion (MC) (Athey et al. 2021):

Ŷit(0) = Xit β̂ + L̂it ,

where matrix {Lit}N×T is a lower-rank matrix approximation of {Y (0)}N×T with missing values

Remarks:

• DID is a special case of FEct

• Both IFEct and MC are estimated via iterative algorithms

• Cross-validation to choose the tuning parameter
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IFEct

Xu (2017) proposes a three-step approach based on a latent factor model:

Control Yit(0) = X ′
itβ + αi + ξt + λ′

i ft + εit

Treated Yit(0) = X ′
itβ + αi + ξt + λ′

i ft + εit (pre)

Yit(1) = X ′
itβ + αi + ξt + λ′

i ft + εit + τit (post)

1 Estimate using controls

2 Predict on treated Ŷit(0)

3 Calculate the ATT

4 Expectation-Maximization

(Gobillon and Magnac 2016)

factors: r × T

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
Time

Treated (Pre) Treated (Post) Controls
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Election Day Registration (EDR) and Voter Turnout

Causal inference is a missing data problem.
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Main Results
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Factors and Factor Loadings
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Placebo Test
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Example: Property Rights and Land Improvement

Sanford (2019)

• Do property rights lead to improved land quality?

• “Experiment”: giving peasants in Borgou, Benin land titles

• Use satellite (remote sensing) data to measure land improvement, i.e., switch from annual crops to

perennial crops (bushes and trees)

• Use IFEct to construct counterfactuals
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Original Satellite Images
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Treated and Counterfactual Averages

Pre-treatment Outcome
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Treated and Counterfactual Averages

Post-treatment Outcome (4 Years)

Panel Methods (6): Synthetic Control and Extensions 33



Matrix Completion Methods
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• Recall that our main goal is to predict treated

counterfactuals

• Taking advantage of the matrix structure,

matrix completion methods use non-treated data to

achieve this goal

• The basic idea to find a lower-rank representation

of the matrix to impute the “missing data”

• Xu (2017) is a special case of this approach
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Inferential Methods and Diagnostics

• Non-parametric block bootstrap

• sample with replacement across units

• valid when N is large, Ntr
N

is fixed

• A permutation-based test for Sharp Nulls (Chernozhukov et al. 2021)

• e.g. Yit(1) = Yit(0),∀i ∈ T , t > T0i

• randomization over time (by blocks) instead of across units

• valid if T is large, errors are stationary, weakly dependent, and estimators are consistent or stable

• exact if errors are i.i.d.

• Liu, Wang, and Xu (2024) propose a set of diagnostic tests
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Doubly and Triply Robust Methods



Doubly and Triply Robust Methods

• So far, we’ve surveyed two groups of methods: (1) those constructing balancing weights; (2) those

modeling the conditional outcomes

• Combining the two approaches will likely produce doubly robust estimators

• Some methods we discussed, including semi-parametric DID and panel matching, are already doing a

simple version of it (balancing plus regression)

• We review three methods that formally adopt this idea
• Augmented synthetic control (Ben-Michael et al. 2021): modeling first

• Synthetic DID (Arkhangelsky et al. 2021): weighting first

• Triply robust panel estimator (Athey, Imbens, Qu, and Viviano 2026): unit weights, time weights, and the factor

model of the previous section, tuned together
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Augmented Synthetic Control (Ben-Michael et al. 2021)

• Assuming unit 1 being treated (D1 = 1;D−1 = 0), pretreatment covariates Xi

• Basic Idea

1 Run an outcome model (e.g. Ridge, FEct, IFEct, MC, etc.) and obtain model fit m̂(Xi )

2 Balance on the residual averages, obtaining weights γ̂i for the controls

3 Treated average is constructed using:

Ŷ aug
1 (0) =

∑
i∈C

γ̂iYi︸ ︷︷ ︸
SCM

+ m̂(X1)−
∑
i∈C

γ̂i m̂(Xi )︸ ︷︷ ︸
debias

=m̂(X1) +
∑
i∈C

γ̂i (Yi − m̂(Xi ))

• The balancing weights take care of the remaining biases from the outcome model; the estimator is thus doubly

robust

• Inference via jackknife
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Revisiting California Prop 99

Synthetic control Ridge−augmented Ridge−augmented + covariates
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Source: Own estimates with the augsynth package on the Abadie, Diamond, and Hainmueller (2010) data; bands are jackknife+ intervals

(augsynth prop99 2026.R).
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Synthetic DID (Arkhangelsky et al. 2021)

• Key insight: weight not only control units, but also pretreatment periods

Notation: the time weights λt in what follows are unrelated to the factor loadings λi of the previous section.

Source: Figures on the SDID frames are from the authors’ slides; see Arkhangelsky et al. (2021).
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Unit and Time Weights

• SC:
• Using pre-treatment data, we learn an average of controls that’s predictive of California.
• Assuming this relationship remains valid post-treatment, we use the same average of controls to impute

treatment-free observations for California
• Forecasting:

• Using controls, we learn an average of periods forecasting what we see post-treatment
• Assuming this relationship remains valid for the treated, we use the same average of periods to impute

treatment-free observations for California

Source: The authors’ slides; see Arkhangelsky et al. (2021).
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Unit and Time Weights

• Synthetic Diff-in-Diff (SDID)
• Do both synthetic control and forecasting and combine via diff-in-diff
• Only one of these relationships has to remain valid (double robustness)
• Our synthetic control can be parallel to California

Source: The authors’ slides; see Arkhangelsky et al. (2021).
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SDID

1. Estimate unit weights ω̂ from pre-treatment data ⇒ a synthetic control unit: ω̂0 + ω̂TYco,pre ≈ Ytr,pre .

2. Estimate time weights λ̂ from control data ⇒ a synthetic pre-treatment period: λ̂0 + Yco,pre λ̂ ≈ Yco,post .

3. Apply diff-in-diff to the resulting synthetic 2× 2 panel by minimizing:

N∑
i=1

T∑
t=1

(Yit − µ− αi − βt − Xitγ − Ditτ)
2ω̂i λ̂t

* Inference via jackknife

Source: The authors’ slides; see Arkhangelsky et al. (2021).
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Triply Robust Panel Estimator (Athey, Imbens, Qu, and Viviano 2026)

• SDID weights units and periods around a two-way fixed effects model. TROP adds the third ingredient

from the previous section, a low-rank factor component, and lets the data tune all three

• Working model for the untreated outcome: Yit(0) = αi + βt + Lit + εit , with L low rank

• Three components, one tuning parameter each:

1 Regression adjustment: estimate L by nuclear-norm penalized least squares (penalty λnn; λnn = ∞ switches the

factor component off)

2 Unit weights ωj = exp(−λunit dunit(j , i)): decay with the mean squared outcome gap between control j and the

treated unit over their shared untreated periods

3 Time weights θs = exp(−λtime |s − t|): decay with the distance to the treated period, so the recent past counts

most

• Fit the weighted, penalized model on the untreated cells, impute Ŷit(0) = α̂i + β̂t + L̂it , and take

τ̂it = Yit − Ŷit(0); the weights are specific to the treated cell, so any assignment pattern works
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TROP: Tuning by Leave-One-Out, and Why “Triply” Robust

• Choosing (λunit , λtime , λnn): pretend each untreated cell is treated, impute it from the other untreated cells,

and pick the triple whose pseudo-effects are closest to zero,

Q(λ) =
∑
i,t

(1−Wit) τ̂it(λ)
2,

the placebo idea from the synthetic control section, turned into a loss function

• The grid nests the menu: flat weights and no factor is DID/TWFE; flat weights with a factor is matrix

completion; no factor with particular unit and time weights is synthetic control or SDID

• Triple robustness: with fixed weights the bias is bounded by a product,∣∣E[τ̂ − τ | L]
∣∣ ≤ ∥∆u(ω)∥︸ ︷︷ ︸

unit imbalance

× ∥∆t(θ)∥︸ ︷︷ ︸
time imbalance

× ∥B∥︸︷︷︸
bias of L̂

so it vanishes if the weighted controls match the treated unit’s loadings, or the weighted pre-periods match

the treated period’s factors, or the factor fit is unbiased

• ASCM and SDID need one of two things to hold; TROP needs one of three
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TROP against the Alternatives: RMSE Relative to the Best Estimator
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2.07

TROP SDID SC DID MC DIFP TROP SDID SC DID MC DIFP

Boatlift log wage, treated unit

Boatlift log wage, simulated

Boatlift log wage, random

Prop 99 packs, treated unit

Prop 99 packs, simulated

Prop 99 packs, random

Basque GDP, treated unit

Basque GDP, simulated

Basque GDP, random

Germany GDP, treated unit

Germany GDP, simulated

Germany GDP, random

PWT log GDP, random

PWT log GDP, education

PWT log GDP, democracy

CPS log wage, random

CPS log wage, abortion

CPS log wage, gun law

CPS hours, min. wage

CPS unemployment, min. wage

CPS log wage, min. wage

RMSE relative to the best estimator

1 (best in row) 2 3 or more

Out-of-sample RMSE divided by the smallest RMSE in the row; 21 designs calibrated to real panels, 10 treated units and 10 post periods.

DIFP: synthetic control with an intercept. Source: Athey, Imbens, Qu, and Viviano (2026), Table 1.
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TROP: What the Calibrated Simulations Show

• Semi-synthetic designs: keep a real panel’s factor structure and serial correlation, assign treatment as in

the application, add a known effect. Panels: CPS wages and unemployment (minimum wage), Penn World

Table (democracy), German reunification, the Basque Country, Prop 99, the Mariel boatlift; 21 designs

with 10 treated units and 10 post periods

• TROP has the lowest RMSE in 20 of the 21. Relative to the best estimator in each design, DID’s RMSE

reaches 9 times the best (Basque), synthetic control 5.8 times, matrix completion 3 times, SDID 1.9 times

• Which ingredient matters: dropping the factor adjustment or the time weights raises RMSE by up to

85–91%; dropping the unit weights costs at most 10%; dropping time weights and the factor together can

multiply it by five. The recent past matters most

• Their advice: simulate from your own panel and see which estimator wins there; failing that, prefer SDID

or TROP to TWFE/DID
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Conclusions



Concluding Remarks

• SCM makes the counterfactual construction visible: donor pool, weights, pre-fit, and post-treatment gap.

• All of these methods learn from the pre-treatment period. The learned relation between treated and donor

outcomes must remain useful after treatment.

• Choose the method after examining the treatment pattern, the number of treated units, and the length of

the pre-treatment period.

• Defend the donor pool, then report placebo and sensitivity checks.
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Practical Recommendations

• Plot the raw paths and treatment timing before fitting a model.

• Defend the donor pool using subject knowledge; do not let software choose the comparison set by default.

• Report pre-fit, gaps, donor weights, and placebo results together.

• After fixing the research design, use alternative estimators to check sensitivity.
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Where to Read Next

• Abadie (2021): synthetic controls in comparative case studies.

• Ben-Michael, Feller, and Rothstein (2021): augmented synthetic control.

• Arkhangelsky et al. (2021): synthetic difference-in-differences.

• Athey, Imbens, Qu, and Viviano (2026): the triply robust panel estimator, with simulations calibrated to

real panels.

• Arkhangelsky and Imbens (2024): DID, fixed effects, factor models, and synthetic controls in a common

framework.

• Cunningham (2021): worked Texas prison example with R code.
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